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Abstract 

In this paper we extend a classical theorem of Corradi and Hajnal into the setting of sparse 
random graphs. We show that if p{n) 3> (logn/n)^/^, then asymptotically almost surely every 
subgraph of G{n,p) with minimum degree at least (2/3 + o{l))np contains a triangle packing that 
covers all but at most 0(p"^) vertices. Moreover, the assumption onp is optimal up to the (logn)^/^ 
factor and the presence of the set of 0{p~^) uncovered vertices is indispensable. The main ingredient 
in the proof, which might be of independent interest, is an embedding theorem which says that if 
one imposes certain natural regularity conditions on all three pairs in a balanced 3-partite graph, 
then this graph contains a perfect triangle packing. 

1 Introduction 

1.1 Triangle packings in subgraphs of random graphs 

Let H he a fixed graph on h vertices, let G be a graph on n vertices. An arbitrary collection of 
vertex-disjoint copies of in G is called an H -packing in G. A perfect H -packing (an H-factor) is 
an ff-packing that covers all vertices of the host graph. In other words, G has an H-factor (contains 
a perfect ff-packing) if n is divisible by h and G contains n/h vertex-disjoint copies of H. It has 
been long known that for every graph H, if the minimum degree of G is sufficiently large, then G 
contains an i7-factor. For example, by the Dirac's Theorem on Hamiltonian cycles [llj . if is a path 
of length h — 1, then 6{G) > n/2 guarantees that G has an i?-factor. Corradi and Hajnal [9] proved 
that (5(G) > 2n/3 is sufficient to guarantee a i^s-factor and Hajnal and Szemeredi [15] showed that 
S{G) > (1 — l/k)n suffices to guarantee a i^'fc-factor for an arbitrary k. Moreover, all these results are 
easily seen to be best possible. 

Finding a similar optimal condition on the minimum degree that guarantees an //-factor for an 
arbitrary graph H has turned out to be significantly harder. The first result in this direction was 
obtained by Alon and Yuster [2], who showed that 6{G) > (1 — l/x{H))n implies the existence 
of n/h — o{n) vertex-disjoint copies of H in G. Later, the same authors [1] showed that S{G) > 



'Department of Mathematics, University of Illinois, 1409 W Green Street, Urbana, IL 61801, USA; and Department 
of Mathematics, University of California, San Diego, 9500 Gilman Drive, La JoUa, CA 92093, USA. E-mail address: 
jobal@math.uiuc.edu. This material is based upon work supported by NSF CAREER Grant DMS-0745185, and OTKA 
Grant K76099. 

^Department of Mathematics, UCLA, Los Angeles, CA 90095, USA. E-mail address: choongbum.lee@gmail.com. 
Research supported in part by Samsung Scholarship. 

■''School of Mathematical Sciences, Tel Aviv University, Tel Aviv 69978, Israel; and Trinity College, Cam- 
bridge CB2 ITQ, UK. E-mail address: samotij@post.tau.ac.il. Research supported in part by ERG Advanced Grant 
DMMCA. 



1 



(1 — \/x{H))n + o{n) guarantees an iJ-factor. Finally, Komlos, Sarkozy, and Szemeredi [25] showed 
that merely 5{G) > (1 — l/x{H))n + c{H), where c{H) is a (small) constant depending only on H, 
suffices. Moreover, it was observed in [4] that there are graphs H for which the above constant c{H) 
cannot be omitted. Recently, Kiihn and Osthus [30] replaced x(-ff) in the above inequality by another 
parameter x*iH), which depends on the relative sizes of the color classes in the optimal colorings of 
H and satisfies x{H) — 1 < x*{H) < x{H)- Furthermore, they proved that the ratio (1 — l/x*{H)) in 
the lower bound for 5{G) is optimal for every H. For further information on ff- factors in graphs with 
large minimum degree, we refer the reader to [291 130] . 

An independent direction of research concerned with //-factors has been determining the thresholds 
for the edge probability p for the property that the Erdos-Renyi random graph G{n,p) contains an 
//-factor. The case H = K2 was solved by Erdos and Renyi who proved that log n/n is the 
threshold for the existence of a perfect matching in G{n,p). The solution for the case when H is 
a path is a direct consequence of the result of Posa [32j. Alon and Yuster [3] and, independently, 
Ruciiiski [33] determined the threshold for every H whose fractional arboricitjll] is larger than its 
minimum degree. Later, partial results for the case H = K3 were obtained by Krivelevich [26] and 
Kim [I9l (a related work of Krivelevich, Sudakov, and Szabo [28] studied this case when the host 
graph is a sparse pseudo-random regular graph). Finally, Johansson, Kahn, and Vu [18] determined 
the thresholds for all strictly balanced H and determined them up to a sub-polynomial factor for 
arbitrary H. 

Much less is known about common extensions of the results of the above two types. To make it 
precise, we would like to know whether it is true that for sufficiently large p, a.a.s. every spanning 
subgraph of G{n,p) with sufficiently large minimum degree has an //-factor. Questions like these can 
be naturally expressed in the framework of resilience, also called fault tolerance. Following Sudakov 
and Vu [34] . we state the following definition. 

Definition 1.1. Let be a monotone increasing graph property. The local resilience of a graph G 
with respect to V is the minimum number r such that by deleting at most r edges at each vertex of 
G, one can obtain a graph without V. 

Using this terminology, one can restate, e.g., the aforementioned theorem of Corradi and Hajnal [9] 
by saying that the local resilience of the complete graph /C„ with respect to the property of having a 
triangle-factor is (at least) n/3. 

Rephrasing our previous question, we would like to determine the local resilience of the random 
graph G{n,p) with respect to the property of containing an //-factor for some fixed graph H. Sudakov 
and Vu [35] showed that it is (1/2 + o(l)) when H = K2 and p ^ log n/n or when // is a path and 
p » (log n)^/n; Lee and Sudakov [31] showed that the assumption p ^ log n/n suffices also in the 
latter case. Recently, Huang, Lee, and Sudakov [IT] addressed this problem for an arbitrary H in the 
case when the edge probability p is a constant. 

Theorem 1.2. Let H be a fixed graph on h vertices, let p G (0, 1], and let j be a positive real. 

1. If H has a vertex that is not contained in any triangle, then a.a.s. every spanning subgraph 
G C G{n,p) with S{G) > (1 — l/x(//) + "y)np has a perfect H-packing, provided that n is 
divisible by h. 

1 ( \E( ^ 

The fractional arboricity of a graph H is the quantity max •! > , where the maximum is taken over all 

subgraphs H' of H with \V{H')\ > 1. 
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2. If every vertex of H is contained in a triangle, then a.a.s. every spanning subgraph G C G{n,p) 
with 5{G) > (1 — l/x{H) + j)np contains an H -packing covering all but at most Dp~^ vertices 
of G, where D is a constant that depends only on x{H). 

Moreover, it was shown in [T7] that in the case when each vertex of H belongs to some triangle, 
the Dp~^ error term cannot be removed as a.a.s. G{n,p) has a spanning subgraph with large minimum 
degree such that at least of its vertices are not contained in a triangle (and hence they are not 

contained in a copy of H). For other results on local resilience of random graphs with respect to the 
property of containing spanning or nearly spanning subgraphs, see O O [71 [lOl [T3t [27j. 

In this paper, we extend the result of Huang, Lee, and Sudakov to the sparse random graph 
setting in the case H = K^. A rather straightforward argument using the conjecture of Kohayakawa, 
Luczak, and Rodl [211 Conjecture 23], which is known to be true for triangles, shows that if p ^ 
n~^/^, then a.a.s. every subgraph of G{n,p) whose minimum degree exceeds (2/3 + o{l))np contains a 
triangle-packing that covers all but at most en vertices, where e is an arbitrary positive constant (see 
Remark 12. 8p . Our main theorem proves that under the same assumptions, one can make the set of 
uncovered vertices significantly smaller. More precisely, we prove the following statement. 

Theorem 1.3. For all positive 7, there exist constants C and D such that if p > C(log n/n)^/^, then 
a.a.s. every subgraph G C G{n,p) with 5{G) > (2/3 + 7)np contains a triangle packing that covers all 
but at most Dp~^ vertices. 

Clearly, the ratio 2/3 in the statement of Theorem 11.31 is best possible as for every positive 7, 
a.a.s. G{n,p) has a subgraph G with S{G) > (2/3 — j)np whose largest triangle packing covers no 
more than (1 — 7)77, vertices (e.g., we may let G be the intersection of G{n,p) with the complete 
3-partite graph with color classes of sizes (1 + 7)n/3, n/3, and (1 — 7)n/3). Furthermore, even though 
it was proved in |18j that p ^ n~^/^(log n)^/^ guarantees that G{n,p) a.a.s. has a triangle- factor, the 
lower bound on p in Theorem 11.31 cannot be relaxed by more than the (log n)^/^ factor as if p ^ 
then a.a.s. one can remove all triangles from G{n,p) by deleting only o{np) edges incident to every 
vertex. Finally, the presence of the exceptional set of Dp~^ is indispensable, see Proposition 14.61 
and [17, Proposition 6.3]. 

1.2 Embedding theorem for sparse regular triples 

One of the main ingredients in the proof of Theorem 11.31 is an embedding theorem for large triangle 
packings in sparse regular triples. Before we state this result (Theorem 11.41 below), we recall a few 
basic definitions and briefly summarize what is known about embedding large graphs into regular 
triples. 

Let G be a graph on a vertex set V. Given a pair of disjoint subsets Vi,V2 C V, let e(Vi,V2) 
denote the number of edges of G with one endpoint in Vi and the other endpoint in V2, and let 
the density d(yi,V2) of the pair (¥1,^2) be the quantity e(yi,V2)/{\Vi\\V2\). The pair (Vi,V2) is 
called {e , p) -regular if for all V( C Vi and V2 C V2 with \V(\ > e\Vi\ and iFgl ^ ^1^21) we have 
|(i(yi, V2) — d{V{, Vg)! < £P- An (e, l)-regular pair is simply called e-regular. The concept of regularity, 
first developed by Szemeredi ^35j, proved to be of extreme importance in modern combinatorics and 
played a central role in proofs of a range of results in extremal graph theory, Ramsey theory, and 
others. For example, it is well-known that every triple of sets iyi,V2,Vz) such that iVi^Vj) is e- 
regular and has sufficiently large density for all distinct i, j contains a triangle. An e-regular pair 
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(Vi, V2) is called {5^ e)- super-regular if it satisfies the additional condition that every vertex in Vi has 
at least 6\V2\ neighbours in V2 and, vice versa, every vertex in V2 has at least 6\Vi\ neighbours in Vi. 
Komlos, Sarkozy, and Szemeredi [24] proved that super-regular triples are even more powerful than 
mere regular triples. For instance, every triple (^1,^2,^3) such that = IV2I = IV3I and iVi^Vj) 
is ((5, e)-super-regular and has sufficiently large density for all distinct z, j contains not only a single 
triangle, but also a family of vertex-disjoint triangles that cover all vertices of the triple. 

However, if p <C 1, then the power of (e,p)-regular pairs turns out to be significantly weaker. For 
example, Luczak (see [22]) observed that there are (e,p)-regular triples which do not contain even 
a single triangle. Still, Kohayakawa, Luczak, and Rodl [21 1 proved that most (e,p)-regular triples 
contain a triangle provided that p is sufficiently large and conjectured that an analogous result holds 
for arbitrary graphs (see the survey |14j). 

It is not much of a surprise that even less is known about embedding large graphs into sparse 
regular pairs. Bottcher, Kohayakawa, and Taraz [7j proved that if the regular pair is a subgraph of 
a random graph and each part has size n, then (asymptotically almost surely) one can embed into 
the pair all bipartite graphs with bounded maximum degree whose color classes both have size at 
most (1 — 77)71, where is a fixed positive real. Since in an (e,|?)-regular pair (Vu^); each set Vi 
can have as many as Ce\Vi\ isolated vertices, one cannot hope to embed spanning graphs into the pair 
without imposing some further restrictions. Let us now consider sparse regular triples. Observe that 
imposing merely a minimum degree condition as in the dense case is not sufficient since we can remove 
all triangles that contain a fixed vertex by deleting all edges in its neighbourhood (this will not effect 
regularity of the triple since the neighbourhoods of this vertex have size o{n)). We suggest one possible 
strengthening of the notion of super-regularity, which we call strong- super-regularity, and show that 
a sparse strong-super-regular triple in a subgraph of a random graph contains a collection of vertex- 
disjoint triangles that cover all the vertices of the triple. The definition of a strong-super-regular triple 
is given in Definition 12.111 

Theorem 1.4. For all positive 5 and ^ there exist e{5) and C((5, ^) such that if p{n) > C(logn/n)^/^, 
then G{n,p) a.a.s. satisfies the following. Every {5, £,p)- strong- super-regular triple (Vi,V2,V3) that is 
a subgraph ofG{n,p) with \Vi\ = IV2I = IV3I > contains a collection of vertex- disjoint triangles that 
cover all the vertices. 

It is possible that one can derive the same conclusion from weaker assumptions than strong-super- 
regularity. However, we will later show that the restriction we imposed is not too strong to make our 
theorem useless, as Theorem 11.41 will form an essential part in the proof of Theorem 11.31 

1.3 Outline of the paper 

In Section [2l we recall some known definitions and results and introduce a few notions that will be of 
great importance in all subsequent sections. Section [3] contains an outline of the proof of Theorem ll.31 
In Section m we establish some properties of the random graph G{n,p) that we will frequently invoke 
in subsequent sections. In Sections [5l [U and [71 we prove a series of technical lemmas that culminate 
in the proof of Theorem 11.31 and 11.41 For a brief outline of this part of the paper, we refer the reader 
to Section [3j Finally, Section [8] contains a few concluding remarks. 
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1.4 Notation 



Let G be a graph with vertex set V and edge set E. For a vertex v £ V, we denote its neighbourhood 
in G by N{v) and let deg(w) be its degree. The minimum degree of the graph is denoted by S{G). 
For a set X C V, we let e{X) be the number of edges of G with both endpoints in the set X, 
and deg{v,X) = \N{v) fl X\. We say that two edges are independent if they do not share a vertex. 
For two subsets X,Y C V, we let e{X,Y) be the number of ordered pairs (x, y) such that x E X, 
y G Y and xy is an edge of G; note that e{X,X) = 2e{X). If X and Y are disjoint, we refer to 
the quantity e(X, y)/(|X||y|), denoted by d{X,Y), as the density of the pair {X,Y). With a slight 
abuse of notation, we will sometimes write {X, Y) to denote the set of all edges xy with x e X and 
y EY. Let X,Y, Z C V he three pairwise disjoint sets. We say that the triple {X, Y, Z) is balanced if 
|X| = |y| = \Z\. The minimum density of the triple is the minimum of the numbers d{X, Y), d{X, Z), 
and d{Y, Z). A triangle across [X, Y, Z) is any triangle with one vertex in each of X, Y, and Z. When 
the implicit graph we are considering is not clear from the context, we will use subscripts to prevent 
ambiguity. For example, degg(u) is the degree of v in the graph G. 

We write y = 1 it a; to abbreviate y G [1 — 1 + x]. We omit floor and ceiling signs when- 
ever they are not crucial. Throughout the paper, log will always denote the natural logarithm. Fi- 
nally, we often use subscripts such as in C3.6 to explicitly indicate that the constant C3.6 is defined in 
Claim/Lemma/Proposition/Theorem3.6. 

2 Preliminaries 

2.1 Sparse regularity lemma 

Let G be a graph on a vertex set V. Recall that a pair (Vi, V2) of disjoint subsets of V is (e,p)-regular 
if for all V( C Vi and C V2 with \Vl\ > e\Vi\ and \V^\ > ejVa], \d{Vi,V2) - d{V(,V^)\ < ep. We 
call a triple {Vi, V2, V3) of disjoint subsets of V {e , p) -regular if {Vi, Vj) forms an (e,p)-rcgular pair for 
every {i,j} C {1, 2, 3}. Let GiK^, (ni, n2, ns), {di2,d23, dsi), (e,p)) be the collection of all (e,p)-regular 
triples {Vi, V2,Vs) such that \Vi\ = rii for all i and diVi, Vj) = dijp for every {i,j} C {1, 2, 3}. 
Below we establish two simple hereditary properties of regular pairs. 

Proposition 2.1. Let positive reals £1, £2, and p satisfying £\ < £2 < 1/2 he given. Let (Vi,V2) be 
an {£\,p) -regular pair and for i G {1, 2}, let V^ G Vi be an arbitrary subset with \V^\ > £2\Vi\. Then 
{V(, V2) is an {£1/ £2, p) -regular pair of density ci(Vi, V2) ± £ip. 

Proof. By regularity of the pair {Vi,V2), for every pair of subsets V" C V^' such that \V"\ > 
{£i/£2)\V-\ > £i\Vi\ for i G {1,2}, we have 

\d{V{', V!l) - d{V[, ^2')! < ^2) - ^^(Vi, 1^2)1 + \d{yl vi) - d{VuV2)\ < 2£ip. 

Since max{ei/e2, 2ei} = £i/£2, the pair {V{,V2) is (£i/£2,p)-regular. The density condition immedi- 
ately follows from the definition of regularity. □ 

Proposition 2.2. Let {Vi,V2) be an {£,p)-regular pair in a graph G and let G' be a subgraph of G 
obtained by removing at most £^p\Vi\\V2\ edges from (Fi, V2). Then (Vi, V2) is {3£,p) -regular in G' . 
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Proof. For i G {1, 2}, let C/j be a subset of Vi of size at least £\Vi\. Note that 

\dG{Ui,U2) - dG'{Ui,U2)\ < . II I < . II I < ep. 

The conclusion easily follows from the triangle inequality. □ 

An {e , p) -regular partition of an n- vertex graph G is a partition {Vi)^^Q of its vertex set such that 
(i) the exceptional class Vq has size at most en, (ii) Vi,...,Vk have equal sizes, and (iii) all but at 
most ek'^ of the pairs {Vi,Vj) are (e,p)-regular. Given a collection of subsets (Wj)f^Q of the vertex 
set V{G), the {5, e,p) -reduced graph R of the collection is the graph on the vertex set [k] such that 
i,j G [k] are adjacent if and only if Wi and Wj form an (e,p)-regular pair of density at least 6p. Note 
that when considering reduced graphs, the partition {Wi)^^Q is not necessarily a regular partition and 
we ignore the set Wq. For a graph R' on the vertex set [k], we say that G is (5, e,p)-regular over 
R' if for every edge {i,j} of R', the pair (Vi^Vj) is e-regular with density at least 5. Let r/ and b be 
reals such that r] G (0, 1], and 6 > 1. We say that G is (r/, b, p) -upper-uniform if d{Vi, V2) < bp for all 
disjoint sets Vi, V2 with |Vi|,|V2| > tllVl- With the above definitions at hand, we may now state a 
version of Szemeredi's regularity lemma for upper-uniform graphs (see, e.g., \20\ I23j). 

Theorem 2.3. For every positive e, b, and ko with b,ko > 1, there exist constants r]{e,b,ko) and 
K{£, b, ko) with K > k^ such that for every positive p, every {rj, b,p) -upper-uniform graph with at least 
ko vertices admits an [e,p)-regular partition (Vi)^^^ such that k^ < k < K, and each part forms a 
regular pair with at least (1 — e)k other parts. 

The version of the regularity lemma stated above is slightly different from those given in }20^ 123]. 
which say that the total number of irregular pairs is at most ek"^ . However, by using some standard 
techniques, one can derive the 'minimum degree' version from the results in I23j. 

2.2 Typical vertices and super-regularity 

We start this section by introducing the notions of typical vertices and triples. 

Definition 2.4. Let (Vi, V2, V3) be a triple of sets (not necessarily regular) with densities dijp between 
Vi and Vj. 

(A) Fix a vertex v G Vi and for i E {2,3}, let Ni = N{v) n Vi. We say that v is e-typical if for 
«G{2,3}, 

(i) \N,\ = {l±£)dup\Vi\ and 

(ii) there exists N[ C Ni satisfying lA^^'l > (1 — e)|-/Vj| such that (A^2' -^3) is an (e,p)-regular pair 
with density (1 ± £)d23p. 

(B) The triple {Vi, V2, V3) is e-typical if it is (e,p)-regular and for each i, all but at most e\Vi\ vertices 
in Vi are e-typical. 

Remark 2.5. Since the property of being e-typical depends not only on e but also on p, we should 
rather speak of (e,p)-typical vertices and triples. Nevertheless, since the parameter p will be always 
clear from the context, we will suppress it from the notation for the sake of brevity. 
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It turns out that an overwhelming majority of ah regular triples are also typical. The following 
lemma, which is a straightforward generalization of [14i Lemma 5.1], makes the above statement 
precise. We omit its proof as it can be easily read out from the proof of jl4l Lemma 5.1]. 

Lemma 2.6. For all positive f3, 5, e' , and ^, there exist constants £q{/3,5,£') and C(5, e',^) such that 
ife<eo, di2,di3,d23 >S, < ni,n2,n3 < n, and p > Cn"^/"^, then all hut at most 

\d12pn1n2J \d13pn1n3J \d23pn2n3J 

graphs in G{K3, (ni, 712, 713), (^12,^13,^23), {£,p)) CLfe e' -typical provided that n is sufficiently large. 

The following proposition justifies why the notion of e-typical triples can be useful for our purposes. 

Proposition 2.7. For every positive a, 5, and p, there exists an e{a,5) such that every e-typical 
{£,p)-regular triple {Vi, V2, V3) of minimum density at least 6p contains (1 — a) miuj \ Vi\ vertex-disjoint 
triangles. 

Proof. Note that without loss of generality, we may assume that a < 1/2. Furthermore, let e = 
min{(5/4, a/20} and let e' = 2e/a. Let us greedily remove triangles from (Vi,V2)^) until we cannot 
do it anymore and denote the remaining triple by (V^, V^', V^')- If l^'l — c^l^l ^or some i, then there 
is nothing left to prove, so we may assume that \V/\ > a\Vi\ for all i. Let Wi be the set of all those 
vertices in V- that were e-typical in the original triple and note that \Wi\ > \V- \ — £\Vi\ > {a/2)\Vi\. 
By Proposition 12.11 the triple (VFi,py2,W3) is (e',p)-regular and the density of each pair {Wi,Wj) is 
at least {dij — £)p. Since e' < 1/2, there is a vertex v e Wi with deg(T;, Wi) > {dij — e — £')p\Wi\ for 
i € {2, 3}. For i G {2, 3}, let Ni and N[ be the sets from the definition of an e-typical vertex for v and 
let Mi = Nir\ Wi and Ml = Nl^Wi. Since 

\M[\ > |M,| - \N, \ N[\ > {dii - £ - £')p\Wi\ - e(l + £)diip\Vi\ 

> [{l-£/5-£'/5)ia/2)-£{l + £)]dup\V,\>£{l + £)dup\V,\ >£\Nl\ 

and {N2,N^) was (e,p)-regular with density at least (1 — £)dp and (1 — £)5p > £p, the pair {M2,M^) 
has positive density. It follows that (Wi, W2, VF3) contains a triangle, but this is impossible. □ 

Remark 2.8. It is quite easy to see that the combination of Theorems 12.31 and 12.161 Lemma 12.61 
(see Proposition 14. Sp . and Proposition 12.71 implies the following statement. For all positive constants 
7 and e, there exists a C such that if p{n) > Cn"-*^/^, then a.a.s. every subgraph G C G{n,p) with 
^{G) > (2/3 -|- 'y)np contains a triangle packing that covers all but at most en vertices of G. 

The following concept will serve us as a generalization of super-regularity to the sparse setting. 

Definition 2.9. A triple (Vi, ^2,^3) is {S,£,p) -super-regular if each pair (yi,Vj) is (e,p)-regular with 
density at least 5p and for every i, all vertices in Vi are e-typical. 

We close this section with the following proposition, which tells us how to trim a typical regular 
triple in order to get a super-regular one. 
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Proposition 2.10. For all positive e' and 5, there exists an e(e',(5) such that the following holds. Let 
(^11^21^3) he an {e , p) -regular triple, where for each i and j, the density of {Vi,Vj) is dijp, where 
dij > 5. For each i, let Xi he an arbitrary subset ofVi with \Xi\ < £\Vi\. Then every vertex v £ Vi \Xi 
that is e-typical and satisfies deg{v,Xj) < £p\Vj\ for every j G {2,3} becomes an e' -typical vertex in 

{yi\Xi,V2\X2,v^\x-i). 

Proof. Let v £ Vi he any such vertex and for j G {2,3}, let Nj = N[v) n Vj. Since v is e-typical, 
(1 — e)dijp\Vj\ < \Nj\ < (1 -\- e)dijp\Vj\. Moreover, there exist subsets Nj C Nj satisfying \Nj\ > 
{l—e)\Nj I such that {N2,N^) is an (e,p)-regular pair with density d^p, where d^ G [(1— e)(i23; (l+e)f^23]- 
Moreover, let Mj = Nj \ Xj and similarly let Mj = N'j \ Xj. 

For each i, let Wi = Vi \ Xi and recall that (1 — e)|Vi| < \Wi\ < \ Vi\. For every i and j, let d'^jp be 
the density of the pair {Wi, Wj). Since (Vi, Vj) is (e,p)-regular, d[j G [dij — e, dij + e\. It follows that 

\Mj\ < \Nj\ < (1 + e)dijp\Vj\ < (1 + e)(l - e)-\d[j + e)p\Wj\. 

And by the given condition deg{v,Xj) < ep\Vj\, we have 

\Mj\ > \Nj\ - ep\Vj\ >{l-e- e/6)dijp\Vj\ > (1 - e - £/6)id[j - £)p\Wj\. 

Moreover, since \Nj\ > (1 — £)6p\Vj\, we have 

\M'j\ > \N'j\ - ep\Vj\ > (1 - e)\Nj\ - ep\Vj\ > {1 - e - e/{{l - e)6))\Nj\ 
> {l-e-e/{{l-e)6))\Mj \ > \Mj\/2. 

By Proposition 12. H the pair {M2, M^) is (2e,p)-regular with density d'^p satisfying 

(1 - e)(43 - e) - e < 4 < (1 + e)(43 +e)+e. 

Therefore, if e is sufficiently smah, then deg{v, Wj) = \Mj\ G [(1 — e')pd[j\Wj\, {1 + £')pd[j\Wj\], 
\M'-\ > {l-e')\Mj\, and {M^,M^) is (e',p)-regular with density d'^p, where < G [(l-e')43, (l+'^O^al- 
It fohows that V is e'-typical in {Wi,W2, W3). □ 

2.3 Good edges and good vertices 

As we established in Section 12.21 (see Remark I2.8p . imposing certain regularity conditions on the 
vertices of a regular triple suffices to guarantee the existence of an almost perfect triangle packing. In 
order to assure that a triangle-factor can be found, we will need to impose some conditions also on the 
edges of the triple. With hindsight (see the discussion in Section . we now introduce the notions 
of good edges and good vertices. 

Definition 2.11. Let (Vi, V2, V3) be a triple of sets (not necessarily regular) with densities dijp between 
Vi and Vj. 

(A) We say that an edge between V2 and V3 is e-good if its endpoints have at least (1 — e)di2di3P^|^i| 
common neighbourhoods in Vi. 

(B) We say that an e-typical vertex t; G Vi is e-good if {N{v) n V2,N{v) n V3) contains at most 
ec?i2di3rf23P^|^2||^3| edges that are not e-good. 
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(C) We say that the triple (Vi, V2, V3) is {5, £,p)- strong- super-regular if it is (5, e,p)-super-regular and 
for every i, all vertices in Vi are e-good. 

Next, we show that super-regular triples are not very far from being strong-super-regular. More 
precisely, we prove that requiring a triple to be merely typical (recall Definition I2.4p and all pairs in 
this triple to have non-zero densities forces most of its edges and vertices to be good. 

Proposition 2.12. Let e, e' , and 5 he positive constants satisfying 2>e + £/5 < e' and let {Vi, V2, V3) be 
an e-typical {e,p)-regular triple, where the density dijp of each pair {Vi,Vj) is at least 6p. Then there 
are at most 4e(i23P|V2||V3| edges between V2 md V3 which are not e'-good. 

Proof. For an e-typical vertex v £ V2, let A'^i = N{v) D Vi and N3 = N{v) n V3. Recall from 
Definition El that \Ni\ > (1 - e)d2ip\Vi\ and that there exist TV- C Ni with |A^.| > (1 - e)|iVi| for 
i £ {1,3} such that {N[,N^) is (e,p)-regular and has density at least (1 — e)di3p. It follows that at 
least (1 — e)|A'^^| vertices w £ have at least ((1 — e)di3 — e)p\N[\ common neighbours with v in N[. 
Since 

((1 - e)di3 - e)p\N[\ > (1 - e - e/5){l - e)di3P\Ni\ > (1 - 3e - e/6)di2di3p^\Vi\, 

and 3e + e/5 < e', each such edge {v,w} is e'-good. Since there are at least (1 — e)|V2| typical vertices 
in V2 and 

(1 - e)|iV^| > (1 - efd23p\V3\ > (1 - 3e)d23Pm, 

the total number of e'-good edges between V2 and V3 is at least (1 — 4e)(i23p|V2||V3|. Finally, since the 
number of edges between V2 and V3 is exactly ^23^! V2IIV3I, the total number of non-e'-good edges is 
at most 4e(i23p|F2||V3|. □ 

Proposition 2.13. For every e' and 5, there exists a positive e{e' ,5) such that the following holds. Let 
(Vi,V2,V3) be an e-typical {£,p)-regular triple with minimum density at least 5p. Moreover, assume 
that the endpoints of no edge in (V2,V3) have more than 4p^|Vi| common neighbours in Vi. Then V\ 
contains at most e'l^il vertices that are not e'-good. 

Proof. Let e = min{e'/4, e'(5/4, (e'(5)^/32}. By Proposition 12.121 at most 4e(i23p|1^2|| V3I edges in 
(^21^3) are not e'-good. Let a|Vi| be the number of e-typical vertices in Vi that are not e'-good. 
By definition, the neighbourhood of every such vertex contains at least e'(ii2(ii3(i23P^|V2|| V3I edges 
that are not e'-good. Therefore, our assumption on the maximum number of common neighbours of 
the endpoints of edges in (V2, V3) implies that 

a\Vi\ ■ e'di2di3d23P^\V2\\V3\ < 4.p^\Vi\ • 4ed23P| V2I | V3I 

and hence a < 16e/(e'di2(ii3) < e'/2. Finally, since at most e|Vi| vertices in Vi are not e-typical and 
e < e'/2, the number of vertices in Vi that are not e'-good is at most e'|Vi|. □ 

We end this section by showing that the neighbourhood of every typical (good) vertex contains a 
subgraph with bounded maximum degree and many (good) edges. 

Proposition 2.14. Let e, 6, and p be positive constants with e < 1/2. Let (^1,^25^3) be a triple of 
sets such that for all i and j, the density of {Vi,Vj) is dijp, where dij > 5. Then for every e-typical 
vertex v G Vi, there exist sets N'- C N{v) n Vj for j G {2, 3} such that 
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(i) there are at least (1 — 6e — 2e/(^)(ii2di3(i23P^| V2I | V3I edges in {N2,N^) and if v is e-good, then 
there are at least that many e-good edges in (N2,N^), and 

(ii) for all j and k with {j, k} = {2,3} , no vertex in N'- has more than {l + 2e/ 5){1 + e^)dikd2'iV^\Vk\ 
neighbours in N'^. 

Proof. Fix an e-typical vertex v ^Vi. For each j G {2,3}, let Nj = N{v) n Vj. Since v is e-typical, 
there are N'- C Nj with \N'^^ > (1 - e)\Nj\ > (1 - £fpdij\Vj\ such that {Nl^^N'^) is (e,p)-regular with 
density d^^p, where (1 — 5)^23 < ^^23 < (1 + e)d23- Let N'- be the set of vertices in N'^ that have at 
most (^23 +e)p\N'f^^ neighbours in N'^ and note that |A'"j'| > (1 — e)|A''j| by (e,p)-regularity of {Nl^^N!^). 
Since l/c?23 < 1/((1 — e)c?23) < 2/5, we have 

(43 + e)p\Nl\ < (1 + 2E/5)d'2^p\Nk\ < (1 + 2e/<5)(l + efdikd2^p'\Vk\, 

and then ^ fohows. Note that \N'^\ > (1 - e)\N'j\ > (1 - ef'dijp\Vj\ and 

e{NlN'i) > - e)p\N^\\N!^\ > (1 - 2e/<5)43p|iV^'| |Af^'| > (1 - 2e/5)(l - e)^di2di3d23/ 1^211^31- 

Moreover, if v is e-good, then at most e(ii2di3C?23P'^| V2I | V3I edges in {N2,N^) are not e-good. Now ([1]) 
fohows. □ 

2.4 Graph theory 

The following proposition, which we will be using several times in the proof of our main result, is a 
simple corollary from Hall's marriage theorem [I6J and gives a sufficient condition for a bipartite graph 
to have a perfect matching. 

Proposition 2.15. Let H be a bipartite graph on the vertex set Au B with \ A\ = \B\. Suppose that 
there is an integer L such that 

(i) \N{S)\ > \S\ for each S cA with \A\S\>L and 

(ii) \N{T)\ > \T\ for each T C B with \T\ < L. 

Then H has a perfect matching. 

Recall that the following theorem was proved by Corradi and Hajnal [S]. 

Theorem 2.16. Every graph on n vertices with minimum degree at least 2n/3 contains a perfect 
K^-packing provided that n is divisible by 3. 

2.5 Bounding large deviations 

Throughout the proof, we will extensively use the following standard estimate on the tail probabilities 
of binomial random variables, see [H Appendix A]. We denote by Bi(n,p) the binomial random variable 
with parameters n and p, i.e., the number of successes in a sequence of n independent Bernoulli trials 
with success probability p. 

Theorem 2.17 (Chernoff's inequality). Let p G (0, 1) and let n be a positive integer. Then for every 
positive a with a < 2np/3, 

P(|Bi(n,p) — np\ > a) < exp(— a^/(6np)). 
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3 Outline of the proof of Theorem 11.31 



Let G be a subgraph of G{n,p) with minimum degree at least (2/3 + o(l))np. Throughout this section, 
we win tacitly condition on a few events that hold in G{n,p) asymptotically almost surely. The proof 
of Theorem 11.31 breaks down into the following four simple steps. 

1 . Apply the sparse regularity lemma (Theorem 12. Sp and Theorem 12.161 to partition the vertex set 
of G into regular triples with positive density and a small exceptional set of vertices. 

2. Remove from G a collection of vertex-disjoint triangles so that all but at most 0{p^'^) remaining 
vertices lie in balanced super-regular triples. 

3. Decompose each of those super-regular triples into a triangle packing, a balanced strong-super- 
regular triple, and a set of 0{p^^) leftover vertices. 

4. Find a triangle-factor in each strong-super-regular triple. 

Since step 1 is a straightforward application of the regularity lemma (Theorem 12. 3p and Theo- 
rem [2TT61 we will only describe the basic ideas of steps 2, 3, and 4 in this section. The details of these 
steps will be given in Sections \5\ [6l and [71 respectively. 

3.1 Step 2 

In order to construct super-regular triples from the regular triples we obtained in step 1, we first move 
all non-typical vertices to the exceptional set Vq. Since we have no control over Vq and |Vb| can be 
linear in n, we need to cover most of it with vertex-disjoint triangles. At the same time, we do not 
want to use too many vertices from any of the regular triples in order not to destroy their structure, 
i.e., to keep them close to being super-regular. This will be achieved by an application of Lemma l4.5t 
which allows us to find such triangles. After we absorb the exceptional vertices into a triangle packing, 
some triples in the remaining graph might become imbalanced. Since in order for any triple to have 
a triangle-factor (or at least an almost perfect triangle packing), the sizes of all three of its parts 
must be equal, we have to balance the sizes of the remaining triples. We will do that by adding to 
our triangle packing some triangles whose vertices lie in two different triples, see Lemma l5. 11 Finally, 
since at the beginning we removed all non-typical vertices from each triple and later we did not alter 
it too much, we can make every triple super-regular by deleting at most 0{p~^) of its vertices (see 
Proposition [2T0]). 

3.2 Steps 3 and 4 

Our general strategy for finding a triangle-factor in a super-regular triple (Vi, 1^2, V3) can be summa- 
rized as follows. 

(i) For each {i,j} C {1, 2, 3}, randomly select a small set M^- of independent edges in (Vi, Vj). 

(ii) Find an almost perfect triangle packing that does not hit any endpoints of the edges in any Mij. 

(iii) Match the remaining vertices with the edges in the sets Mij in order to extend the triangle 
packing to a triangle- factor. 
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Assume that the first two steps have been performed. Then, in order to verify Hall's condition 
(see Proposition 12.15]) to prove that an appropriate matching can be found in (iii), we need to know, 
in particular, that the endpoints of each edge in M23 have many common neighbours in the remaining 
part of Vi and that each vertex in Vi is incident to both endpoints of many edges in M23 (and that 
similar conditions hold for other choices of indices). Therefore, it would be convenient if M23 consisted 
only of good edges and Vi contained only good vertices (see Section [2^ . Unfortunately, super- regular 
triples can generally contain vertices that are not good. This is the reason why in step 3, we need to 
break down each super-regular triple into a triangle packing and a strong-super-regular triple. 

Therefore, we will perform the above described process twice. First, in step 3, we will absorb all 
the non-good vertices into a small triangle packing by performing (i) and (iii) , see Theorem 16.61 In 
step 4, once we are left with a balanced strong-super-regular triple (after deleting at most 0{p~^) 
further vertices), we can finally perform (i)~(iii), now using only good edges to construct Mijs, to find 
a triangle-factor inside this triple, see Theorem II. 4[ 

4 Properties of Random Graphs 

In this section we establish several properties of the random graph that will be useful in later sections. 

Proposition 4.1. For every positive real p, there exists a constant C{p) such that ifp > C{logn/n)^^'^ , 
then G{n,p) a.a.s. satisfies the following properties. 

(i) Every vertex has degree (1 it p)np. 

(ii) Every pair of distinct vertices has (1 it p)np^ common neighbours. 

(iii) For all X,Y C V with > pnp, we have e{X,Y) = (1 it /j)|X||y|p. In particular, 
e{X) = e{X,X)/2 = (1 ± p)\X\'^p/2 for all X of size at least pnp. 

Proposition 4.2. For every p G (0, 1/2), G{n,p) satisfies the following. 

(i) Let D be a positive real. For a fixed set W C V , with probability 1 — ei^-p'^^/^^)"' ^ all but at most 
nDp^^ /\W\ vertices in V \ W satisfy 

deg{v,W) = {l±p)\W\p. 

(ii) For every positive real ^, there exists a constant D{p,^) such that a.a.s. the following holds. For 
all W C V with \ W\ > ^n, all but at most Dp~^ vertices in V \ W satisfy 

deg{v,W) = (l±p)\W\p. 

Proof. To prove (i), as a first step, we fix a set C V. We may assume that Dp~^n/\W\ < n as 
otherwise, the claim is vacuously true. Suppose that there are Dp~^n/\W\ vertices v £ V \W such 
that deg{v, W) 7^ (1 it /9)|iy|p. Then there exists a set B C V \ W oi size Dp-^n/{2\W\) such that 
either deg{v,W) > (1 + /j)|W^|p for all v e B or deg(f,l^) < (1 — p)|VF|p for all v e B. This clearly 
implies that e{B, W) / (1 ± p)|i3||l^|p for some B as above. Since e{B, W) is a sum of independent 
binomial random variables and E[e(i?,iy)] = = Dn/2, by Chernoff's inequality, 

P{e{B,W) / {1 ± p)\B\\W\p) < e"^'^"/i2_ 

By the union bound, the probability that such a set B exists is at most 2"e~''^^'^/^^. 

Now that (i) is proved, we easily get (ii) by applying the union bound. □ 
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Proposition 4.3. For all ^ G (0, 1), there exists a C(^) such that if p > C(log n/n)-"^/^, then a.a.s. for 
every x G [l,^n/2], G{n,p) does not contain a set W of x vertices and a set E of x independent edges 
outside W (i.e., no edge in E has an endpoint inW) such that either the endpoints of each edge in E 
have at least ^np"^ common neighbours in W or each vertex in W is adjacent to both endpoints of at 
least S^np^ edges in E. 

Proof. Fix X, W , and E as in the statement of this proposition. For a vertex w ^ W and an edge 
{u, 1'} G E^ let B{u,v,w) denote the event that w is adjacent to both u and v. Let X be the 
random variable denoting the number of events B{u, v, w) that occur in G{n,p). Note that each of the 
"bad" events described in the statement of this lemma implies that X > £^np^x > 2x'^p^. Moreover, 
observe that X < x^, so we can restrict our attention to the case x > ^np^. Since all B{u,v,w) 
are mutually independent, X has binomial distribution with parameters x"^ and p'^, and hence by 
Chernoff 's inequality, 

P{X > inp'^x) < e-^«"P'^ 

for some absolute positive constant c. Since for each x, there are at most (2)n'^^ pairs {W,E) with 
\W\ = \E\ = x, the probability that some "bad" event occurs is at most 



E 



^ * j^ZXg-cgnp^x ^ ^3x log n-c^np'^x ^ ^-2 



Finally, note that 

provided that np'^ > (4/c^)logn. □ 

Proposition 4.4. Let p ^ n^^/^. For every positive reals e and p, there exists a positive real D{e,p) 
such that G{n,p) a.a.s. satisfies the following property. For every set X with \X\ > Dp~^, there are 
at most en^p edges {f, in G\V\X\ such that v and w do not have {l^p)\X\p'^ common neighbours 
in X. 

Proof. The constant D{e, p) will be chosen later. Let X be a fixed set of size at least Dp~^. Without 
loss of generality we may assume that p < 1/2. 

First expose the edges between X and V\X and call a pair of vertices {v,w} £ V\X bad if v and 
w do not have (1 it p)\X\p'^ common neighbours in X. By Proposition 14.21 (i), with probability 1 — 
g{i-p2_Di/'2/5o)n^ there are at most D^/'^p~^n/\X\ vertices that do not satisfy deg(i',X) = {1± p/2)\X\p. 
Even if each of these vertices forms bad pairs with all n vertices, there are at most D^^'^p~^n'^ /\X\ 
such bad pairs. For each vertex that satisfies deg(f , X) = (1 it p/2)\X\p, again by Proposition 14.21 (i), 
with probability 1 — e(i-p^-D^/2/50)n^ there are at most 2D^/'^p~^n/{\X\p) other vertices w which do 
not have (1 it common neighbours with w in X. Therefore, if D is sufficiently large, then with 

probability at least 1 — e~^", the total number of bad pairs is at most 



^1/2-1^2 21)1/2 



-1^2 



\X\ \-^\p 

Finally, expose the edges within V \ X. By Chernoff 's inequality, with probability 1 — e-^"-^p/20^ 
most en'^p bad pairs will form an edge. 
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Since n^p n, if we fix the set X, both of the above events happen with probabihty at least 
1 — e~^". Since there are at most 2" choices for X, we can take the union bound over all choices of X 
to derive the conclusion. □ 

Using the above propositions, we now prove the following generalization of Lemma 6.4]. 

Lemma 4.5. There exist C, D, and e such that if p > Cilogn/n)^^"^ , then G{n,p) a.a.s. has the 
following property. For every spanning subgraph G' C G{n,p) with 5{G') > (2/3)np and every set 
T C V{G') with \T\ < en, all but at most Dp~^ vertices ofV\T are contained in a triangle of G which 
does not intersect T. 

Proof. For the sake of brevity, denote G{n,p) by G and let V = V{G). Let e be a small posi- 
tive constant (we will fix it later), let C = and let -Do(^) be a constant satisfying Dq > 
™ax{Zfey ■■-)(£, £),-qo](£, e), 1}. 

Without loss of generality we may assume that |r| = en. Let Xq C y \ T be an arbitrary 
set of size 2Dqp~^. By assuming that the events from Propositions 14.11 14.21 (ii), and 14.41 hold, we 
will show that there exists a triangle in G' which intersects Xq but not T. This will prove that 
there are at most 2Dop~^ vertices that are not contained in triangles that do not hit T. Let T' 
be the collection of all the vertices v that satisfy deg{v,XQ U T) > (1 + e)\XQ U T\p and note that 
\T'\ < Dop-^ by Proposition IM] (ii). Let T" = T U T' and X = Xo\ T' . Note that \T"\ < 2en and 
l-'^l > l-'^ol - > D^p-'^. Let D be the constant defined by |X| = Dp""^ and note that D > Dq. It 
suffices to show that there exists a triangle in G' which contains a vertex from X but not from T". 

LetY = V\{X\J T") and fix a vertex xe X. Note that 

degG,(^,^) = degG.(x) - degG>{x,X\J T") > degc^ix) - degG>{x,Xo U T) - \T'\ 
> (2/3)np - (1 + e)|r U Xo\p - Dop-^ > (2/3 - 3e)np, 

where the last two inequalities follow from the fact that x T' and our assumption on p. Finally, let 
Nx = Ng{x) n Y and fix an arbitrary subset A'^^ C Nq'(x) H y of size (2/3 — 3e)np. 

It suffices to show that the number of triangles xyiy2 in G' such that x £ X and yi,y2 £ X^ is 
nonzero. Let this number be M. To bound M from below, first bound the number of triangles xyiy2 
in G such that x G X,yi,y2 G N^, and 1/12/2 is an edge of the graph G' (we will later subtract the 
number triangles whose yi or y2 is not in A'^^). Let this number be Mq. Since \X U T"\, \ Y\ > en, by 
Proposition 14.11 (iii) , we have 

ec'iY) > eciV) - e^Y, X U T") - e^X U T") > ^ • ^ - ^en^P = " 8^) 

By Proposition 14.41 the number of edges {v,w} in that form a triangle in G with fewer than 

(1 — e)D vertices in X is at most en'^p given that Dq is large enough. Thus, 

Mo > (^eG>(Y)-en^p){l-e)D > Q - lie) 

To obtain a bound on M from Mq, we can subtract the number of triangles xyiy2 as above such that 
either yi or 1/2 is not in A^^. Since |A^a;| < (1 + e)np by Proposition 14.11 (i), we have 

\Nx \ K\ = \Nx\ - \K\ < (1 + e)np - (2/3 - 2,e)np = (1/3 + Ae)np. 
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Thus, if £ is small enough, by Proposition 14.11 (iii) we have, 

M > Mo - V {ea{N, \ K, K) + eciN, \ K)) 




> Mo - > ; (1 + e) I ( ^ + 4e ) =^nV + ( i + ""'^^ 
>\^-lle] - V 77 + lOe — f- = - - 21e * ^ 



3 

Therefore there exists a triangle as claimed, provided that e is sufficiently small. □ 

The following proposition establishes the fact that it is necessary to have vertices not 

covered by triangles. Its proof closely follows the argument from [17, Proposition 6.3]. 

Proposition 4.6. Let e > 0. There exists a positive constant C{e) such that if Cn~^^'^ < p ^ 1, then 
G{n,p) a.a.s. contains a spanning subgraph of minimum degree at least (1 — £)np such that Q{p~'^) of 
its vertices are not contained in a triangle. 

Proof. Let C be a constant satisfying C > 2 and e'-"^^^^ > 8e/e. If p > (log n/n)^/^, then by 
Proposition 14.11 a-a.s. 6{G{n,p)) > (1 — e/^)np and each pair of vertices of G{n,p) has at most 2np^ 
common neighbours. If Cn^^/^ < p < (log n/n)^/'^, then still a.a.s. 6{G{n,p)) > (1 — e/4)np, but 
G{n,p) may contain some edges whose endpoints have more than 2np'^ common neighbours. Let H be 
the subgraph consisting of all such edges, and let v be an arbitrary vertex. By Chernoff 's inequality, 
the probability that v and some other vertex have more than 2np'^ common neighbours is at most 
g-np /15^ Therefore, 

so a.a.s. A(//) < (e/4)np. Finally, let G = G{n,p) — H. Clearly, the endpoints of every edge of 
G have at most 2np'^ common neighbours. Moreover, by Proposition 14.11 (i), we may assume that 
5{G) > (1 - £/2)np. 

Let X be an arbitrary fixed set of (e/4)|?~^ vertices of G and let W = {v ^ X : deg{v,X) > 
2\X\p}. By Chernoff's inequality, the probability that a vertex v belongs to W is e~^^^ ^ and these 
events are independent for different vertices. Since p ^ e~^^^ \ Chernoff's inequality implies that 
a.a.s. \W\ < {e/4)np. Moreover, since our assumption on p implies that |X| < (e/8)n, we can apply 
Chernoff's inequality and deduce that a.a.s. deg(u, X) < (e/4)np for every vertex u. 

Let G' be the subgraph of G obtained by deleting all edges within X, all edges between X and W , 
and deleting edges incident to any y ^ X [JW according to the following rule - for every triangle xyz 
in G with x ^ X and z ^ X U W, remove the edge yz. It is quite easy to see that no vertex of X is 
contained in a triangle in G'. Let us now estimate 5{G'). Since a vertex u G X L) W lost only edges 
connecting it to X and W, we have 

degQi{u) > (1 — £/2)np — deg(n, X) — deg(n, W) > (1 — £/2)np — deg(u, X) — \W\ > (1 — e)np. 

Since a vertex y ^ X UW is incident to at most (e/2)p~^ vertices x € X and it has at most 2np^ 
common neighbours with each such x, we then have 

degG'(y) > (1 ~ £/2)np — (e/4)p~"^ • 2np^ > (1 — £)np. 
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Thus G' has the required properties. 



□ 



We end this section with two propositions whose proofs are farily standard and are omitted. 
Proposition 14.71 asserts that in a typical random graph G{n,p), the reduced graph of a regular partition 
of a subgraph G C G{n,p) inherits the minimum degree condition that we impose on G. The final 
proposition, Proposition 14.81 can be proved using Lemma \TQ\ and asserts that every regular triple in 
a random graph is typical. 

Proposition 4.7. Let 7 > and p ^ n^^ . There exist £0(7) o^iT-d ^0(7) such that if e < Eq and 6 < 60, 
then the following holds asymptotically almost surely. Given a subgraph G of G{n,p), let {Vi)f^^ be 
an (e , p) -regular partition of G such that \ Vi\ < en for all i and every part forms an (e , p) -regular pair 
with at least (1 — e)k other parts. Let R be its {S,e,p) -reduced graph. If G has minimum degree at 
least (2/3 + ^)np, then R has minimum degree at least (2/3 + j/2)k. 

Proposition 4.8. Let p ^ n^^/^. For all positive e' , 6, and there exists a constant eo{e',5) such 
that a.a.s. in G{n,p), every copy of a graph from QiK^, (ni, 712,^3), ((^12, '^23, ^31), i^iP)) is e' -typical 
provided that e < Eq, (^12 > c?23 ; c^31 ^ o^nd ni,n2,n3 > ^n. 

5 Obtaining balanced super-regular triples 

In Section 13.11 we mentioned that the process of absorbing exceptional vertices into a triangle packing 
may cause some regular triples in our graph to become slightly unbalanced. The following lemma 
describes a greedy procedure that finds a small triangle packing which restores the balance in each of 
these triples. 

Lemma 5.1. Let p ^ n^^/^. For all positive reals 6, e' , and 7, there exists an 80(6, e', 7) such that if 
e < Eq, then the following holds asymptotically almost surely. Let G be a subgraph of G{n,p) and let 
Vi, . . . , VJjfc be disjoint subsets of V{G) satisfying \Vi\ G [(1 — e)m, (1 + e)m] for some m = Vt{n). Let 
R be a graph on the vertex set [3/c] of minimum degree at least (2 + 7)/? such that {3t — 2, 3t — 1, 3t} 
forms a triangle for all t G [k] and assume that (l^)f^;^ is {6, £,p) -regular over R. 
Then there exist subsets B and S of V{G) such that the following holds. 

(i) \B\ < Ak, 

(a) G[S] contains a perfect triangle packing, 
(Hi) |Vi n (S U S")! < e'm for all i G [3A;], and 
(iv) Vi\{B U S) have equal sizes for all i. 

Proof Let ei = £[22](^>'^) and Eq = min{ ^^.^/^^^^ , q^^gj, |), Assume that e G (0,£o) is given. 

Let Gt = {3t — 2,3t — l,3t} for t G [k] be triangles of the graph R. For each vertex i G [3/c], call 
an index t G [k] i-rich or rich with respect to i if i is adjacent to all three vertices of Ct, and assume 
that there are gi i-rich indices. Then by the minimum degree condition on R, we have 

3gi + 2{k-gi) > {2 + ^)k, 

which is equivalent to gi > 'jk. Thus for each vertex i G [3k] of R, we can assign an i-rich index t G [k] 
to it so that every index in [k] is chosen by at most {3k) /{'jk) = 3/7 vertices. 
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Consider the following process that adjusts the parts one by one. Throughout the process, we will 
maintain sets B C V{G) and Zi C Vi for each i G [3/c]; they are empty at the beginning. Call a triangle 
Ct balanced if the sets V3t-2 \ •^3t-2, Vst-i \ Z^t-i, and Vst \ Z^t have equal cardinalities. Assume that 
the triangles Ci, . . . , Ct-i are already balanced and we are trying to balance the triangle Ct- Without 
loss of generality, we may assume that \ V3t-i \ Zst-i\ — {Vst \ ■^3t| = Xim and < Xj < 2e for i G {1, 2}. 
Thus we have to remove Xiin vertices from V^t-i for i G {1,2} in order to make Ct balanced. By 
moving at most 2 arbitrary vertices from each set V^t-i and V3t~2 to B and also to Z^t-i and .^3t-2, 
respectively, we may assume that both xim and X2m are divisible by 3. First consider the set V^t-i 
and let s be the rich index with respect to 3t — 1 which we have chosen above. As we will later establish, 
for every i G [3A:], |Vi \ > m/2 throughout the process. Therefore by Proposition 12.11 the triple 
(Vst-i \ Z3t-i,V3s-j \ Zss-j, Vss-fc \ Zss-k) inherits the regularity of (Vst^i, Vs^-j, Vss.fc) and is always 
(2e,p)-regular of density at least 6/2 for every pair {j, k} C {0, 1, 2}. By Proposition 14.81 a.a.s. it must 
also be ei-typical. Thus by Proposition 12.71 we can find xin/3 triangles across this triple. Do this for 
each pair {j,k} and update the sets .^34-1, .^35-2, -^35-15 and Z^s by placing all the vertices of these 
triangles into corresponding parts. Note that even though the sizes of the sets in Cg have decreased, 
the number by which they decreased is the same for all three of them and thus after performing the 
same procedure for V3t-2, the triangles Ci, . . . , Cj will be balanced. 

Note that in the end, \B\ < 4k. Moreover, throughout the process, by the restriction that every 
index is the chosen rich index for at most 3/7 other indices, we always have, \Zi\ < 2em ■ (3/7 + 1) < 
minje'm, m/2} as claimed. Define S = ^i=i ^i) \ B and we have the sets B and S as claimed. □ 

Below is the main theorem of this section. It says that we can partition our graph into balanced 
super-regular triples, a collection of vertex-disjoint triangles, and a set of at most 0{p~^) exceptional 
vertices. We would like to remark that the upper bound imposed on the sizes of the common neigh- 
bourhoods in (v) will come in handy in the proof of Theorem 16.61 where we show that the triples 
(VF3t_2, W3t_i, Wst) are close to being strong-super-regular, see Proposition 12.131 

Theorem 5.2. For an arbitrary 7, there exist 5(7) and £0(7) such that for all e £ {0,eo), there exist 
constants C{e), D(e), and ^(e) satisfying the following. If p > C{logn/n)^/'^ , then a.a.s. for every 
spanning subgraph G' C G{n,p) with 5{G') > {2/3 + ^)np, there exist a further subgraph G" C G' and 
a partition ofV{G) into sets B, S, and (Wi)'-^i, where k < D, such that 

(i) \B\ < Dp-^. 

(a) G'[S] contains a perfect triangle packing. 

(Hi) {W3t-2,W3t-i,W3t) is a {5, e,p) -super-regular triple in G" for all t € [k]. 
(tv) \W3t-2\ = \W3t-i\ = \W3t\>Cn for all t G [k]. 

(v) In the graph G" , for all t G [k], the endpoints of every edge in (W3t_2, Wsj-i) have at most 
4|VF3t|p^ common neighbours in W^t and a similar statement holds for other choices of indices. 

Proof. Given a 7, let 5 = and eo = ^[ATfj l)- Moreover, for a given e £ (0,60)5 let ffi < 

mm{e/2,s^jQ^e,6),6/2}, £2 < mm{e^36\el/m,s^5,ei/3,^/2)}, 83 < (1/27) min{eg2](e2, 5)^ £2}- 

Let K = 1^^63,2,1/63), r] = 11^7^2:^63, 2, 1/63),!}, ^ = 63/ {4K), C = max{q^??), 
and D = max{3I^18i^Ltl2t,,)(l/3,C),24K}. 

Proposition 14.11 (iii) implies that G{n,p) is a.a.s. (??, 2,p)-upper-uniform. Thus we can apply the 
regularity lemma. Theorem 12.31 to obtain an (e3,p)-regular partition Vq, Vi, . . . , VJjfc of the graph G' , 
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where each part forms a regular pair with at least (3 — 3es)k other parts. Let m = \Vi\, note that 
m > n/{2K), and let R be the reduced graph with parameter 6. Since G' has minimum degree at least 
(2/3 + 7)np, by Proposition 14.71 a.a.s. the reduced graph has minimum degree at least (2 + 7/2)/c. 
Thus by Theorem l2.161 we may assume that {V3t-2, Vst-i, Vst) forms an (e3,p)-regular triple of density 
at least 6 for all t £ [k]. By Proposition 14. 4| a.a.s. there are at most {e'i/2)pm? edges in {yzt~i-,y?,t-2) 
whose endpoints have more than 2|V3j|p^ common neighbours in Vsf. Similar estimate holds for the 
edges in (V34_2, Vst) and (Vsf-i, Vst). Delete all such edges for all t G [k] to obtain the subgraph G" . 

-1 /o 

Then in the graph G" , each triple (V3f_2 5 Vsf-i, Vst) is {Ze^ ,p)-regular by Proposition 12.21 

By Proposition 14.81 we may assume that every (363 ,p)-regular triple of density at least 6 is £2- 
typical. Thus for each index i, if we let Xi d Vi he the collection of non e2-typical vertices, then 
< e2\Vi\. Furthermore, for each t £ [k], add to X^t the collection of those vertices v G V^t such 
that deg(v, Vst-j) ^ {l±e2)d3t,3t-jP\V3t-j \ for some j G {1, 2} and define X^t-i and Xst-2 accordingly 
(there are at most 4:e2n such vertices by regularity). By adding arbitrary vertices to Xi if necessary, 
we may assume that = 5e2|^|- Move all the vertices in Xi from to Vq and denote the resulting 
partition by {VD^to- We then have \V^\ < |Vb| + Ei < 6e2n. 

Consider the following process of finding triangles that absorbs the vertices in Vq. Let T be the 
empty set; we will update it throughout the process. Apply Lemma [451 to find a triangle which hits 
Vq but not T and move all the vertices of this triangle into T. lf\TriV-\ > ^/£2\y^\ — 3 for some index 
i G [3A;], then move all the vertices of V- into T. This way, we will have 

|T| < 3|yo'l • (l/\/^) + 3|V^ol < 36V^n < eg^p 

throughout the process. Terminate the process when we cannot find such triangles anymore. Then, 
a.a.s. we must have \Vq \ < {D/3)p~'^. Let Bq be the collection of all the remaining vertices of Vq, and 
Sq be the set of vertices in the copies of the triangles that we found. Let = V- \So = Vi \ {Bq U Sq) 
and note that for ah i, since \Vi n {Bo U So)\ < \Xi\ + ^\Vi\ < {ei/6)\Vi\, then \V/'\ > (1 - ei/6)\Vi\. 

By Proposition [2T1 {V^f_2, Vj^^-i, V^[) forms a (2e3,p)-regular triple of density at least 5 — £3 > 6/2 
for ah t G [k]. Apply Lemma lO to {V-')f^^ to obtain sets Bi and Si. Observe that {BqU Bi\ < 
{D/3)p~'^ + 4K < {2D/3)p^'^ and G[So U Si] contains a perfect triangle packing. Also, most crucially, 
if we let BS = BqUSqUBiU Si and Wi = Vi\BS = ¥(' \{BiUSi), then aU Wi have equal sizes and 
moreover, \Wi\ > (1 — £1/6 — ei/3)m > (1 — ei/2)m. 

We will remove some vertices from each set Wi to make the triples (W3f_2, M/3t-i, Wst) super- 
regular for all t G [k]. Since < \Xi\ < \BS H Vi\ < {ei/2)m for all i, by Proposition 14.21 (n). there 
are at most {D / {18K))p^^ vertices which have more than (2ei/3)pm neighbours in BS n Vi for each 
fixed i G [3k]. Let Yi be the collection of such vertices for the set BS n V2 and BS n V3 which lie in 
Vi and similarly define 12 1 ^3 • By placing arbitrary vertices into 1^1,12) or 1^3 as necessary, we may 
assume that |Yi| = 1^2! = l^sl < {D / {9k))p-'^ . Consider the set Wl = Wi\ Yi for i G {1,2,3}. Then 
since \Yi\ + \BS r\Vi\ < {D/{9K))p~^ + {ei/2)m < £im, in total we removed at most eim vertices from 
each part of (14, V2, V3) to obtain (VF{, W^? l^s)- By the definition of the sets Xi at the beginning, 
all the vertices in W[ were ei-typical in the triple (Vi,V2i^)i and by the choice of Yi, they have 
at most {2ei/3)pm + 1121 < £ipm neighbours in the deleted portion in V2 (similar for V3). Thus by 
Proposition 12.101 all the vertices in W[ are e-typical in the triple (W^{, VF^, W^). Also, since all the 
vertices of Vi not in Xi had (1 it ei)di2p|V2| neighbours in V2, they will still have (1 ± 2ei)di2p\V2\ 
neighbours in W2 and similar for other choices of indices. Moreover, the triple (W^{, VF^j^s) inherits 
the regularity of (Vi, V2, V3) and is (2e3,p)-regular of density at least 5 — £3 > (5/2, see Proposition [2Tl 
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Thus by the fact 2ei < e and 2e^ < e, (Ty{,1^2!^3) (5/2, e,p)-super-regular. Repeat the above 
process for all other triples. Let B be the union of Bq,Bi, and Yi for all i G [3k] as above so that 
\B\ < {2D/3)p-^ + iD/3)p-^ = Dp-^ and S = SoU Si. We also have the bound \Wl\ > \Vi\/2 > 
for all i. Moreover, (v) will hold since in G" all the edges between ^3 have at most 2\Vi\p^ 

common neighbours in Vi, and therefore at most 4|l^^|p^ in W[ (similar for other indices). □ 

6 Obtaining balanced strong-super-regular triples 

In the previous section, we managed to decompose the graph into balanced super-regular triples, a 
triangle packing, and a small set of exceptional vertices. In this section, we will show how by slightly 
enlarging the triangle packing and the exceptional set, we can make these triples strong-super-regular. 

Our main tool, which will also be used in the next section, is the following lemma, which con- 
structs small quasi-random matchings in super-regular triples. For the application in this section, in 
Theorem 16.61 below. Vis will be the sets of non-good vertices in each part of a regular partition of 
the host graph. We want to find vertex disjoint triangles that cover these sets of non-good vertices. 
As an intermediate step, we construct random matchings M[- which later can be coupled with the 
non-good vertices in order to construct vertex-disjoint triangles. See the discussion in Section [3.21 for 
more detailed description. We would like to remark that even though the stronger assumption (Al) 
implies the weaker assumption (A2), we state both of them, as (Al) is much simpler and in one of the 
two applications of Lemma 16.11 we can verify that this stronger condition is satisfied. Also note that 
the statement of this lemma holds not only for strong-super-regular triples coming from subgraphs of 
random graphs, but also for general strong-super-regular triples. 

Lemma 6.1. For all positive 5 and rj with ij < 1/140, there exist e{6) and C{5,ri) such that the 
following holds. Let (Vi,V2)^3) be a {6,e,p)-super-regular triple with m = \Vi\ = IV2I = IV3I and 
P > C(logm/m)^/^. For each i and j, let dijp be the density of {Vi,Vj), let qij = rj/{dijpm), and 
let Eij be a subgraph of {Vi,Vj) with \Eij\ < rjdijpm? . Form a set M[j by selecting every edge in 
iyi^Vj) \ Eij independently with probability q^j and let Mij C M-^ be the set of all selected edges in 
{Vi,Vj) that are not incident to any other edge in U U M23. Moreover, for each i, let Qi be 
the set of all vertices in Vi that are covered by some edge in M12 U M13 U M23. Assume that for each 
i, j, and k, there is a set V^ such that 

(Al) the neighbourhood of every v £ V^ contains at most rjdijdn^djkP^m? edges of Ej]. or 

(A2) for every v £ F/, every subgraph {N'-,N'^) of {N{v) n Vj,N{v) n Vk) such that deg{w,N'f!) < 
2dikdjkp'^m for all w G N'- and deg{w, Nj) < 2dijdjkp'^m for all w G N'^ contains at most 
rjdijdikdjkP^m'^ edges of Ejk- 

Then M12 U M13 U M23 is a matching and with probability tending to 1 as m tends to infinity, for each 
i, j, and k, 

(Ml) {rj/2)m < \Mij\ < 2r]m, 

(M2) every v £ Vi has at most 3r]dijpm neighbours in Qj, 

(M3) the neighbourhood of every v S F/ contains at least (r//2)(5^p^m edges of Mj^, and 
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(M4) the endpoints of each rj- good edge in {Vj^Vk) have at least {1 — Ari)dijdikp'^m common neighbours 
in Vi \ Qi. 

Proof. Let e = min{ 1/100, (5/50}. Fix z, j, and k with A;} = {1,2,3}. For each vertex v £Vi, let 
Nj = N{v) n Vj and A^^ = N{v) n Vfc. By construction, Mu U M13 U M23 is a matching. 

Claim 6.2. With probability 1 - o(l), {r]/2)m < |A%| < 2r/m. 

Proof. By our assumption on \Eij\, there are at least {l — r])dijpm'^ edges in (V^, V^) soE[|Mj'^|] > 
{l — r])dijpm?qij = {l — r])r]m, and Chernoff's inequality implies that \Mlj\ > {3r]/4)m with probability 
1 — 0(1). In order to estimate |-/Vfj-,|, note that \M-j\ — \Mij\ is at most the number of vertices inViUVj 
that are incident to an edge of and some other edge in U U M23. Let Aw denote the event 
that w is such a "bad" vertex. Since {Vi,V2,V3) is (5, e,p)-super-regular, deg{v,Vj) < (1 + e)dijpm 
and deg(f , Vfc) < (1 + e)dikpm for every v G Vi. Hence, if if G Vj, then 

P(^^) < deg(tt;, Vj)qij ■ (deg(tt;, Vj)qij + deg(w, Vfe)gifc) < (1 + e)^2r/^ 

and the expected number of such "bad" vertices in Vi is at most (l+e)^2r/^m. The events {Aw '■ w G Vi} 
are mutually independent, so by Chernoff's inequality, with probability at least 1 — o(m~^), there are 
at most 'irfm "bad" vertices in Vi and similarly, there are at most irfm "bad" vertices in Vj. Hence, 
l-^ijl ^ (3/4 — Qrj)r}m > {r]/2)m with probability 1 — o(l). Finally, since the number of edges in 
{Vi, Vj) \ Eij is at most dijpm?, we have E[|M^j|] < dijpm'^qij = rjm, and Chernoff's inequality implies 
that \Mij\ < |M^| < 2r/m with probability 1 - o(l). □ 

Claim 6.3. For each fixed vertex v, with probability 1 — o{m~^), we have deg(t', Qj) < 3r]dijpm. 

Proof. Let be the set of vertices in Vi that are covered by some edge in M^j U and note that 
Q'i ^ Qi (similarly define Q'j and Q'^). For a vertex w £ Vj, let Bw denote the event that w £ Q'j. 
Since (VijVz^Vs) is (5, e,p)-super-regular, deg{w,Vi) < (1 + e)dijpm and deg(?i',T4) < (1 + e)djkpm. 
Hence, 

P(.Bw) < deg{w, Vj)qij + deg{w, Vk)qik < 2(1 + e)r?. 

The events {Bw - w £ Vj} are mutually independent and \Nj\ > {6/2)pm, so by Chernoff's inequality, 
\Nj nQ'j\< {5r]/2)\Nj\ with probability at least 1 - e"^'?'^?''" for some absolute positive constant c. It 
follows that 

deg(i;, Qj) < deg{v, Q'j) = \Nj r\Q'j\< (5r?/2)(l + e)dijpm < 3r]dijpm 
with probability 1 — o(m~^). □ 

Claim 6.4. For each fixed v G V^ , with probability 1 — o{m~^), the pair {Nj,Nk) contains at least 
{r]/2)dijdikP^m edges of Mjk. 

Proof. Without loss of generality, we may assume that {i,j,k) = (1,2,3). Since v is e-typical, (1 + 
e^)(l + 2e/6) < 2, and 5e + 2e/6 < 1/7, Proposition [ZTil implies that there are sets C N2 
and C such that {N2,N^) contains at least {6/7)di2di3d23P^m? edges, no vertex in N2 has 
more than 2dr3d23p'^m neighbours in N^, and vice versa, no vertex in has more than 2di2d23p'^m 
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neighbours in Nl^. Since at most r]di2di3d23P^m? edges among {N2,N^) belong to £^23 by either (Al) 
or (A2), it fohows that 

E[|M^3 n {N^,N!^)\] > {5/7)di2di3d23p'm%3 = (5/7)di2di3r//m. 

Since IM23 n {N2,N^)\ is a sum of independent indicator random variables, Chernoff's inequality 
implies that for some absolute constant c, 

P (|M^3 n (iV^',iV^')l > (4/7)di2di3wV) > 1 - e-'^^'^Vm > 1 _ 1/^2^ 

provided that C is sufficiently large. 

In order to estimate IM23 n {N^,N!^)\, note that IM23 n {N^,N!^)\ - IM23 n {N^,N^)\ is at most 
the number of vertices in iVg U A^3 that are incident to an edge in M23 H {N2, iVg ) and some other 
edge in U U M23. Let denote the event that w is such a "bad" vertex. If it; G N2, then 

P(C^) < deg(7i;, iV;^')923 • {deg{w, ^3)^23 + deg(u', ^1)912) 

< 2di3d23P^mq23 ■ ((1 + e)d23pmq23 + (1 + £)di2pmqi2) = (1 + e)Arf'di3jfp. 

Since |A^2 I — l-^2| < (1 + s)di2pm, the expected number of such "bad" vertices in N2 is at most 
{l+s)'^4rj'^di2d23p'^m. The events {Cw ■ w € } are mutually independent, so by Chernoff's inequality, 
for some absolute constant c, with probability at least 1 — e~'^^ v p there are at most brj^dudisp^m 
"bad" vertices in N2 and similarly, there are at most brj^di2di3p'^m "bad" vertices in N'^. Hence, with 
probability 1 — o(m~^), 

IM23 n {N^,N^)\ > (4/7 - 10r?)di2di3??p'm > {r]/2)dudi3P^m, 

provided that C is sufficiently large. □ 

Claim 6.5. With probability 1 — o(l), the endpoints of every rj-good edge in {Vj,Vk) have at least 
(1 — Ar))dijdikp'^m common neighbours inVi\Qi. 

Proof. For an arbitrary vertex v e Vi, let Vy denote the event that v £ Q[. Clearly, 

PCDy) < deg{v, Vj)qij + deg{v, Vk)qik < 2(1 + e)r]. 

Fix some ry-good edge in {Vj,Vk) and let ^ C be the set of common neighbours of its endpoints. 
Then E[|^ n = E„eA^(^") < 1^1 • 2(1 + £)v- Moreover by definition, |^| > (1 - r])dijdikp'^m > 
(l/2)5^p^TO. Since the events Vy are mutually independent, Chernoff's inequality implies that 

P{\AnQ'i\ > Sri\A\) < e-'^'^W"* 

for some absolute positive constant c. Hence, if C is sufficiently large, then with probability at least 
1 - l/m^, 

1^ \ Qi\ >\A\ Q'il > (1 - 3v)\A\ > (1 - 3?7)(1 - r])dijdikP^m > (1 - 4r])dijdikP^m. 
Since there are at most good edges, the claim is proved. □ 
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Finally, note that Claims [6^2^16. 5 1 imply that (M1)-(M4) are satisfied with probability 1 — o(l) (one 
needs to apply the union bound over all choices of vertices in order to deduce (M2) and (M3) from 
El and El). □ 



Below is the main theorem of this section. It says that we can partition our graph into balanced 
strong-super-regular triples, a collection of vertex-disjoint triangles, and a set of at most 0{p~'^) 
exceptional vertices. In the next section, we will prove that each of those strong-super-regular triples 
contains a triangle-factor. 

Theorem 6.6. For an arbitrary positive 7, there exists a positive 5 such that for all e, there exist 
constants C , D, and ^ that satisfy the following. If p > C(logn/n)"'^/^, then a.a.s. every G C G{n,p) 
with S{G) > (2/3 + 'y)np contains a subgraph G' C G whose vertex set can be partitioned into sets B, 
S, and (W/)f^;^, where k < D, such that 

(i) \B\ < Dp-^, 

(a) G[S] contains a perfect triangle packing, 

(Hi) (1^3t_2' ^3t-ii ^3t) ^ {5, e,p) -strong-super-regular in G' for all t £ [k], and 
M m^^^l = mt-i\ = > for aU tG[k]. 

Proof. Let 5 = min{( ^g^ 7)/2, 3/4}. Without loss of generality, we may assume that e < 2/5. Further- 
more, let £3 = s^jQ^e,26), ei = mm{e6'^ /1180,e36'^ /AO}, £2 = inhi{s^^ei,25),s^^'y),s^^5),e/2], 
and ^ = ^5^ £2)/2. Let rj = \2e\/b'^ . Moreover, let 

B = (6/Omax{Z^^^),I^,,)(l/4,eiO,^£ie25'eV4,l/4)} 

and C = max{q^£2), (^fe3](3eiO}. 

By Theorem 15.21 there exists a further subgraph G' of G whose vertex set can be partitioned 
into sets Bq, Sq, and (Wj)?^^ such that |-Bo| < {D/2)p^'^, G[So] contains a perfect triangle packing, 
and for all t G {1, . . . , k}, the triple (^^34-2, W^t-i, W^t) is {26, e2>p)-super-regular in G' and satisfies 
|W^3t-2| = |W^3i-i| = \W3t\- Moreover, the endpoints of no edge in {W3t-2iW3t-i) have more than 
4|W3t|p^ common neighbours in W^t (and a similar statement holds for other choices of indices). We 
will show that each such triple contains a slightly smaller ((5, e,p)-strong-super-regular triple in such a 
way that all but at most 0{p~^) leftover vertices can be covered by vertex-disjoint triangles. Obviously, 
this will imply the assertion of the theorem. 

Without loss of generality, we will only consider the triple (VFi, W2, 1^3)- For the sake of brevity, 
let m = \ Wi\ = IW2I = {W^l and note that m > 2^n. Without loss of generality, we can condition on 
the event that G{n,p) satisfies the assertions of 

• Proposition 14.21 (ii) with p = 1/A and ^ = £\m/n, 

• Proposition 14.41 with e = 8x826^ vr? / (A.vi}\ and p = 1/4, and 

• Proposition 14.31 with $ = 6£im/(2n). 

For each i, let Xi C Wi be the collection of vertices that are not ei-good. By Proposition 12. 13^ 
\Xi\ < £im and we may assume that \Xi\ = Eim. We perform the following cleaning-up procedure. 
While constantly updating the sets Xi, X2, and X3, repeat the following. If there exists an i and a 
vertex v ^Wi\Xi such that either 
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(A) \N{v) Xj\ > Aeipm for some j or 

(B) the neighbourhood of v contains more than e2C?i2C?i3C^23P^'7i^ edges whose endpoints have more 
than beip^m common neighbours in Xi, 

then move v to X^. 

Claim 6.7. The cleaning-up procedure finishes with eim < \Xi\ < 3eim for all i. 

Proof. Suppose that at some point in time, \Xi\ > 3eim for some i, and consider the earliest such 
moment. Without loss of generahty, we may assume that i = 1. Clearly, 3eim < < 4eim 

and \Xj\ < 3eim if j 7^ 1. Since at the beginning, every Xi contained at most eim vertices, Wi 
contains either eim vertices satisfying (A) or eim vertices satisfying (B). The former is impossible, 
since \Xj\ < 3eim for j 7^ 1 and we assumed that G{n,p) satisfies the assertion of Proposition 14.21 (ii) 
with ^ = eim/n. Since the endpoints of each edge in {W2, W3) have at most Ap^m common neighbours 
in Wi, the latter would imply that (PF2;M^3) contains 

(eim) • {e2di2di3d23P^m'^) / (Ap'^m) > {eie25^ / 'i)pm^ 

edges whose endpoints have more than beip'^m common neighbours in Xi. Since \Xi\ < Aeim, 
this is impossible by our assumption that G{n,p) satisfies the assertion of Proposition 14.41 with e = 
eie2S^m'^/{4n'^), and p = 1/4. □ 

It is not hard to check that {Wi \ Xi,W2 \ X2, VF3 \ X3) is (5/2, e',p)-strong-super-regular. Un- 
fortunately, this conclusion does not help us at the moment as we first need to absorb Xi U X2 U X3 
into vertex-disjoint triangles and in the process of absorbing those vertices, we may use some vertices 
from the triple {Wi \ Xi, W2 \ ^2, \ X3). 

For every i, let Yi C Xi he the set of vertices in Xi that have more than 4eipm neighbours in 
Xj for some j with j ^ i. Since \Xj\ < 3eim and we assumed that G{n,p) satisfies the assertion of 
Proposition 14.21 (ii) with ^ = eim/n, then \Yi\ < Dp~^/{6k). By adding arbitrary vertices of Xi to 
Yi, we can guarantee that = \Y2\ = lis]. For every i and j, let Eij = {Xi,Wj) U {Wi,Xj). Since 
{Wi,Wj) is (e2,p)-regular and \Xi\ > ei\Wi\ > e2\Wi\, we have 

\Eij\ < {dij + e)p{\Xi\\Wj\ + |Wi||Xj|) < {l+e/6)6eidijpm^ < rjdijpm^. 

Fix a vertex v E Wi\ Y^. We check that (A2) in Lemma [6TT] is satisfied. Let {N'- ,N'^) be as in (A2) 
in Lemma l6. 11 Since \N'- r\ Xj\ < \N{v) Xj\ < Aeipm and similarly, lA'^^' n Xk\ < Aeipm, we have 

{EjkCi {Nj,N'f!)\ < Aeipm{2dijdjkP^m + 2dikdjkP^m) < {16ei /5)dijdikdjkP^m'^ < r]dijdikdjkp^m'^ . 

Lemma l6.ll implies that a.a.s. for each i and j, there exists an Mij C {Wi \ Xi,Wj \ Xj) such that 
(M1)-(M4) in Lemma [6?T] are satisfied with Vi = Wi and = Wi\Yi for each i. Let Qi be defined 
as in Lemma |6. 11 

Claim 6.8. The sets Ai \ Yi, A2 \ 12, ctnd A3 \ I3 can be covered by vertex- disjoint triangles that use 
only vertices in QiU Xi, (52 U A2, and Q-^U X3. 
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Proof. Since M12UM13UM23 is a matching whose edges are not incident to any vertex in X1UX2UX3, 
it suffices to show that for each i, j, and k, the vertices of Xi\Yi can be paired with some \Xi \ Yi\ 
edges of Mjk to form vertex-disjoint triangles. 

Let H be the bipartite graph on the vertex set {Xi \ 1^) U Mjk, where a vertex w £ Xi \Yi is 
adjacent to an edge {u,v} £ Mj^ if and only if {u,v,w} is a triangle in (VFi,W2,W3). Clearly, it 
suffices to prove that H contains a matching that covers Xi\Yi. We check that Hall's condition holds 
in H. Fix an arbitrary non-empty set S C Xi\Yi. If |A'^f/(5)| < 15"!, then there would be an x with 
1 < X = |5| < \Xi\ < 3eim such that G{n,p) contains some x independent edges and x vertices, 
each of which is adjacent to both ends of at least {ri/2)5'^p'^m of those edges, see (M3) in Lemma l6.ll 
This would contradict our assumption that G{n,p) satisfies the assertion of Proposition 14.31 with 
^ = T^5^m/{2n) = 6eim/(2n). Hence, \Nh{S)\ > \S\ for all non-empty S C Xi\Y^. □ 

Fix any such triangle packing and for each i, let X'- = Xj U Tj, where Tj C Qi is the set of vertices 
in Wi \ Xi that are covered by the triangle packing. Note that \Ti\ = \Xj \Yj\ + \ Ifc]. Let 
Wl = Wi\ X[. Since for each i, \X'^ = \Xi\ + \Ti\ = \Xi \ Yi\ + \X2 \ ^2! + 1^3 \ + l^il and 
1^1 1 = 1^2! = I ^3 1; the sets W[, W2, and have the same number of elements. Denote this number 
by m' and note that ml >m — 9eim > m/2> ^n. 

Claim 6.9. The triple {W[,W2,W^) is {e, 5 ^p)- strong- super-regular. 

Proof. Since (VFi, VF2, VF3) is (e/2,p)-regular with density at least 25p and ml > m/2. Proposition 12.11 
implies that W^,I^3) is (e,p)-regular with density at least 5p. Fix an index i, recall that \X'j\ < 
9eim < esm, and let v be an arbitrary vertex in Wl. Without loss of generality, we may assume that 
i = 1. Since v Xi, (A) implies that deg{v, Xj) < Aeipm for every j. Moreover, (M2) in Lemma |6. II 
implies that deg{v,Qj) < 3r]dijpm. Hence, 

deg{v,Xj) < deg{v,Xj) +deg{v,Tj) < deg{v,Xj) +deg{v,Qj) < e^pm, 

and by Proposition [2?T0l v becomes e-typical in (W{, W^, W^). It remains to show that v is also e-good. 
Since v Xi, it was ei-good in (H^i, VI/2, IV3) and it satisfies (B). Hence, the endpoints of all but at 
most (ei + e2)di2di3d23P^m'^ edges in the neighbourhood of v have at least (1 — ei — 5ei / 5'^)di2di3p'^m 
common neighbours in Wi\Xi. Moreover by (M4), they have at most Ar]di2di3p^m common neighbours 
in Qi. Since 1 — ei — 5ei/(5^ — 4r/ > (1 + e2/6)'^{l — e), each such edge is e-good in the new triple. It 
follows that V is e-good. □ 

Finally, let B = Bq U USi and let S = 5oU^=i(7i U {Xi \ Yi)). Clearly, the sets B, S, and 
(VFj')f^i partition the vertex set of G, 

3k 

\B\ < \Bo\ + \Yi\ < Dp~^/2 + 3A; • Dp-^/{6k) < Dp-^/2, 

and G[S] contains a perfect triangle packing. Finally, by Claim 16.91 for each t G [k], the triple 
(H^3t_2) W^3t-i) W^3t) is (e, (5,^j)-strong-super-regular and satisfies |W3j_2| = |W3j_i| = \W^^\ > ^n. □ 
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7 Perfect triangle packing in strong-super-regular triples 



In the previous section, we managed to decompose the graph into balanced strong-super-regular triples, 
a triangle packing, and a small set of exceptional vertices. In this section, we will show how to find 
a triangle- factor in each of those triples. We start this section by showing how to construct sets of 
"buffer" vertices and edges that will allow us to complete an almost-spanning triangle packing into a 
triangle-factor. 

Lemma 7.1. For all positive constants 6, ^, and r] with rj < 1/140, there exist constants C{5,r],^) 
ande{6,rj) such that if p > C{logn/n)^^'^ , then G{n,p) a.a.s. satisfies the following. Let {Wi,W2,W3) 
be a [6, £,p)- strong- super-regular triple in a subgraph of G{n,p) such that \Wi\ = IW2I = IW3I > ^n. 
Then there exist edge sets M12, M13, M23 and vertex sets Xi, X2, with the following properties: 

(PI) M12 U Mi3 U M23 is a matching. 

(P2) For allj and k, Mjk C {Wj,Wk) and {rj/2)\Wj\ < \Mjk\ < 2r]\Wj\. 

(P3) For all i, \Xi\ < {7]/4)\Wi\ and Xi C Wi \ Qi, where Qi is the set of vertices in Wi that are 
covered by some edge in Mij U Mj^. 

(P4 ) For all i, j, and k, if Zi C Wi has size \Mjk\ and contains Xi, then the subgraph of {Wi, W2, W3) 
induced by Zi and Mj^ contains a triangle-factor. 

Proof. For the sake of brevity, let m = \Wi\ = IW2I = l^^sl- Without loss of generality, we may 
assume that 5 < 1. Let a = (^^/24 and let /3 be a positive constant satisfying /31og(e//3) < ary/30. 
Moreover, let e = min{J/2, rj/A, £ [6J] (<^), /3 • (£o^ [^^ a(5/16, 5/2), a/3(5/16} and let e' = Ae/5. Finally, let 
C be sufficiently large so that C(logn/n)^/^ > Cjg^(log m/m)^/^ and without loss of generality we may 
assume that G{n,p) satisfies the assertion of Proposition 14. 31 with ^ = r/5^m/(2n) and ^ = r]6'^m/{12n), 
and Proposition 14.81 with g j^-gj = a6/16 and ( |^^ = 6/2. 

For all i and j, let qij = rj/{dijmp) and select each e'-good edge of {Wi,Wj) independently with 
probability qij. Let be the set of all selected edges in {Wi, Wj) and let Mij C M-j be the set of all 
those edges that are not incident to any other selected edge. By Proposition 12.121 {Wi, Wj) contains 
at most rjdijprn^ edges that are not e'-good. Since each v G Wi is e-good, its neighbourhood contains 
at most r)di2disd23P^m'^ edges that are not e'-good. Therefore, Lemma [6TT] applies with Eij being the 
set of non-e'-good edges in {Wi, Wj) and Vi = ¥( = Wj. 

Claim 7.2. With probability 1 — o{l), every set Yi C Wi of size 13m satisfies the following. All but at 
most ar]m edges of Mj/. belong to the neighbourhood of some vertex ofYi. 

Proof. Fix a Yi C Wi of size /3m. By Proposition 12.11 the triple {Yi,Wj,Wk) is (e//3,p)-regular, 
and the densities of all three of its parts are at least 5/2. Moreover, since we assumed that G{n,p) 
satisfies the assertion of Proposition 14.81 {Yi, Wj, Wk) is a<5/ 16- typical and by our assumption on e, it 
is (a5/16,p)-regular. By Proposition 12. 121 all but at most (a/2)d23pm^ edges between Wj and Wk are 
a/2-good, so in particular all but at most {a/2)d23pm? edges in {Wj, W^) belong to the neighbourhood 
of some vertex in Yi. Hence the expected number of edges chosen among those "bad" edges is at most 
{a/2)d23pm'^q23 = {ar]/2)m. Chernoff's inequality implies that the probability that more than arjm 
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of those edges are chosen to Mj^ is at most e "^'"/so^ Since there are (^) /3m-subsets of Wi 

\ / \ /9™ 
m \ , / em \ /31og(e/,9)m 



, < I = e 

/3m y \ /3m 

and a??/30 > /31og(e//3), the probabihty that all sets Yi have the claimed property is 1 — o(l). □ 

Lemma [6. II and Claim [7?2] imply that there exist M12, M13, and M23 such that /Vfi2 U M13 U M23 is 
a matching and for all i, j, and k (properties 1, 2, and 3 follow from (Ml), (M3), and (M4) of Lemma 
16.11 respectively, whereas property 4 follows from Claim [7?^ : 

1. (r//2)m < \Mjk\ < 2r]m, 

2. the neighbourhood of every vertex in Vi contains at least {rj/2)5'^p^m edges of Mj^, 

3. the endpoints of each edge of have at least (l/2)5^p^m common neighbours in Wi \ Qi, 

4. for every set Yi C Wi of size /3m, all but at most ar/m edges of Mj^ belong to the neighbourhood 
of some vertex of Yi. 

Fix any such M12, and M23- Next, for each i, let Xi be a random binomial subset of Wi \ Qi, 
where each element is included with probability r//5. A simple application of Chernoff's inequality 
combined with Property 3 above shows that if C is sufficiently large, then with probability 1 — o(l), 
for all i, j, and k: 

5. \Xi\ < {rj/4)m, 

6. the endpoints of each edge of Mjf^ have at least {rj / 12) 5'^ p^m common neighbours in Xi. 

Let Xi, X2, and X3 be arbitrary sets satisfying [5] and [6] and note that properties (P1)-(P3) are 
satisfied. It remains to show that (P4) is also satisfied. 

Fix a. Zi G Wi of size \Mjk\ such that Xi C Zi. Let H be the bipartite graph on the vertex set 
ZiUMjk, where a vertex w £ Zi is adjacent to an edge {u, v} £ Mjk if and only if {u, v, w} is a triangle 
in (VFi, W2, W3). Clearly, it suffices to prove that H contains a perfect matching. We check that H 
satisfies the assumptions of Proposition 12.151 with A = Zi, B = Mjk, and L = arjm. 

Fix an S" C Zi. If < \S\ < {ri/4)6'^m, then \Nh{S)\ > \S\ or otherwise there would be an 
X G [1, (rj/4:)6'^m] such that G{n,p) contains some x independent edges and x vertices, each of which 
is adjacent to both ends of at least (ry/2)5^p^m of those edges, see [21 This would contradict our 
assumption that G{n,p) satisfies the assertion of Proposition 14.31 with ^ = ry(5^m/(2n). On the other 
hand, if |5| > {r]/A)6^m > I3m, then byH \Mjk \ Nh{S)\ < ar]m. Hence, \Nh{S)\ > \S\ as long as 
|Zj \ 5| > arjm 

Finally, fix a T C Mjk with < |r| < arjm = {r]/2A)S'^m. If \Nh{T)\ < \T\, then there would be 
an X £ [1, (r//24)5^m] such that G{n,p) contains x vertices and x independent edges whose endpoints 
have at least {rj/12)5'^p^m common neighbours among those x vertices (recall that Xi C Zi), see [6j 
This would contradict our assumption that G{n,p) satisfies the assertion of Proposition 14.31 with 
^ = ri6'^m/{l2n). □ 

With Lemma 17.11 at hand, without much effort we can prove Theorem 11.41 which says that a 
balanced strong-super-regular triple has a triangle-factor. 
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Proof of Theorem \1.4\ Let r] = 1/140, ei = s^^ 3ri/2,S/2), and e = (r?/4) mm{ e[f^ 6, ri),£i}. Let 
C = C^f/i^ S, T/, ^). Let (VFi,Ty2,^3) be a (5, e,p)-strong-super-regular triple and m = \Wi\ = \W2\ = 
\W3\. By Lemma EH there exists a matching M12, M13, M23 and sets Qi,Q2,Q3 and Xi,X2,X3 
satisfying (PI), (P2), (P3), and (P4). Let Wl = W^\ {Qi U Xi) and note that 

l^^l = l^il - \Qi\ - = \Wi\ - IM12I - IM13I - 

Let X = m — IM12I — IM13I — IM23I and note that (1 — 6ry)m < x < (1 — 3r]/2)m. By applying 
Proposition 12.71 we can find x vertex-disjoint triangles inside the triple W^^; ^3)- 

Note that the remaining \ W[\ — x = IM23I — \Xi\ vertices in W[ together with the set Xi, can be 
matched with the set M23 to construct IM23I vertex-disjoint triangles, by property (P4). Similarly, 
the remaining vertices in W2 U X2 and Wi^ U X3 can be matched with M13 and M12, respectively. 
Therefore, we have found a perfect triangle packing of {Wi, W2, W3). □ 

Finally, we briefly summarize Sections O El and [7] in the proof of our main result. Theorem 11.31 

Proof of TheoremlTM Let 5 = ^j]^^)' ^ = ^fTjj^)^ ^ = ^gM^^ ^) and C = max{C^^e) , C^^e , ^)} , D = 
Z^ jg^ g). By Theorem 16.61 there exist set B, S, and (W,i)f^i which satisfies (i) - (iv) of Theo- 
rem [6]6l Furthermore for each t £ [k], by Theorem ll.4| each (5, e,p)-strong-super-regular triple 
(W3t-2,W3t-i,W3t) contains a perfect triangle packing. Therefore all the vertices except B can be 
covered by vertex-disjoint triangles. Since \B\ < Dp~^, this completes the proof. □ 

8 Concluding Remarks 

An immediate question we would like to ask is whether the assumption on p in Theorem 11.31 can be 
relaxed. Even though our argument breaks down (for a few reasons) if p <C (log n/n)^/^, we believe 
that the conclusion of Theorem 11.31 still holds under the (weaker) assumption that p ^ n~^/^. If this 
was true, it would completely resolve the problem of determining the local resilience of G{n,p) with 
respect to the property of containing an almost spanning triangle packing. 

We also believe that a similar argument can be used to obtain an extension of the theorem of 
Hajnal and Szemeredi [15] for larger cliques to the setting of sparse random graphs. Clearly, the edge 
probability p would have to be sufficiently large so that a corresponding form of Lemma 12.61 holds. 
However, in our opinion, the importance of such a result does not justify the technical complications 
one would have to face in order to prove it. 

The more intriguing and interesting question comes from the attempt to embed general spanning 
or almost spanning graphs (by general we mean graphs that are not disjoint unions of a fixed graph) 
into sparse regular pairs. This gives rise to the following question. 

Question. Can we develop an embedding lemma for general graphs into regular pairs in random graphs 
for some p = n~°^^') ? How should the definition of strong- super-regularity be extended? 

It is quite likely that such an embedding lemma will provide another proof of the theorem of 
Bottcher, Kohayakawa, and Taraz ^ on embedding almost spanning subgraphs. However, one can 
hope for a better result where the graph we want to embed is smaller than the host graph by a 
sublinear number of vertices. To achieve this, one will most likely need to develop a tool similar to 
that of Theorem 16.61 
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Another question can be asked regarding embedding of spanning subgraphs. Proposition 14.61 shows 
that as many as Q{p~'^) vertices have to be left out from the largest triangle packing. More generally, 
if every vertex of some graph H is contained in a triangle, then we cannot hope to embed H into a 
sparse host graph of the same order. However, this is no longer the case when H is bipartite. Thus 
we recall the following question posed by Bottcher, Kohayakawa, and Taraz [8j. 

Question. Is it possible to have a perfect embedding for bipartite graphs? 

In fact, it might be true that what actually matters is not that the graph is bipartite, but the fact 
that there are enough vertices which are not contained in a copy of a triangle. See [17], where such a 
result is proved for dense graphs. 
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